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Modified KdV-ZK equationAbstract In this work, we established some exact particular solutions with parameters for Modi-
fied KdV-ZK Equation. The improved tan /ðnÞ
2
 
-expansion method is introduced to construct exact
particular solutions of nonlinear evolution equations. The exact particular solutions contain four
types: hyperbolic function solution, trigonometric function solution, exponential solution, and
rational solution. The method appears to be effective mathematical tool for solving nonlinear evo-
lution equations (NLEEs) in applied mathematics and engineering.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Most of the real world problems are generally modeled by
nonlinear evolution equations. The study of exact solutions
of nonlinear evolution equations plays an important role in
the study of nonlinear phenomena. Nonlinear wave phenom-
ena appear in various branches of mathematical-physical
sciences such as fluid mechanics, plasma physics, biology, opti-
cal fibers, chemical physics and geochemistry. To obtain exact
solutions, many methods were attempted, such as differential
transform method [13], inverse scattering method [1,2], Modi-
fied Simple Equation Method [3–8], trigonometric function
series method [9], Hirota’s bilinear method [10–12], sine–cosine
method [14–18], the tanh-function expansion and its various
extension method [19–25], F-expansion method [26–31], exp-
function method [32–37], and G
0
G
 
-expansion method [38,39].
The main purpose of this article was to make use of improved
tan /ðnÞ
2
 
-expansion method [41,42] to extract new exactparticular solutions and then solitary wave solutions to the
modified KdV-ZK equation. Moreover the improved
tan /ðnÞ
2
 
-expansion method has not been applied to the above
pointed out equation in the earlier literature. Islam et al. [40]
studied modified KdV-ZK equation by using Enhanced G
0
G
 
-
expansion method. The rest of the article is organized as fol-
lows: In Section 2, the improved tan /ðnÞ
2
 
-expansion method
is discussed. In Section 3, we use this method to find the exact
particular solutions of the nonlinear evolution equation
pointed out above. Also conclusion is given in Section 4.
2. Improved tan /ðnÞ
2
 
-expansion method
The tan /ðnÞ
2
 
-expansion method is first presented and devel-
oped in Manafian et al. [41].
We suppose that the given nonlinear partial differential
equation for u(x, t) to be in the form of
Hðu; ut; ux; uxx; uxt; utt; . . .Þ ¼ 0; ð1Þ
where H is a polynomial in u(x, t) and its partial derivatives in
which the nonlinear terms and highest order derivatives are
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2
 
-expansion
method can be presented in the following steps:
Step 1. Using the transformation u(x, t) = u(n),
n= x  lt, we reduce the Eq. (1) to an ODE
Qðu; u0;lu0; u00; l2u00; . . .Þ ¼ 0; ð2Þ
Step 2. Suppose that Eq. (2) has a formal solution
uðnÞ ¼ Sð/Þ ¼
XN
k¼0
Ak pþ tan /ðnÞ
2
  	k
þ
XN
k¼1
Bk pþ tan /ðnÞ
2
  	k
; ð3Þ
where Akð0 6 k 6 NÞ and Bkð1 6 k 6 NÞ are arbitrary con-
stants to be determined, such that AN – 0, BN – 0 and /=
/(n) satisfies the following ordinary differential equation:
/0ðnÞ ¼ a sinð/ðnÞÞ þ bcosð/ðnÞÞ þ c: ð4Þ
We will consider the following special solutions of Eq. (4):
Family 1: When a2 + b2  c2 < 0 and b  c – 0, then
/ðnÞ ¼ 2 arctan abc 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
bc tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
2
ðnþ CÞ
  	
:
Family 2: When a2 + b2  c2 > 0 and b  c – 0, then
/ðnÞ¼ 2arctan a
b cþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2 c2
p
b c tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2 c2
p
2
ðnþCÞ
 !" #
:
Family 3: When a2 + b2  c2 > 0, b – 0 and c= 0, then
/ðnÞ ¼ 2 arctan a
b
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ a2
p
b
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ a2
p
2
ðnþ CÞ
 !" #
:
Family 4: When a2 + b2  c2 < 0, c – 0 and b= 0, then
/ðnÞ ¼ 2 arctan  a
c
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
p
c
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2
p
2
ðnþ CÞ
 !" #
:
Family 5: When a2 + b2  c2 > 0, b  c – 0 and a= 0,
then
/ðnÞ ¼ 2 arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ c
b c
r
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  c2
p
2
ðnþ CÞ
 !" #
:
Family 6: When a= 0 and c= 0, then
/ðnÞ ¼ arctan e2bðnþCÞ1
e2bðnþCÞþ1 ;
2ebðnþCÞ
e2bðnþCÞþ1
h i
:
Family 7: When b= 0 and c= 0, then
/ðnÞ ¼ arctan 2eaðnþCÞ
e2aðnþCÞþ1 ;
e2aðnþCÞ1
e2aðnþCÞþ1
h i
:
Family 8: When a2 + b2 = c2, then
/ðnÞ ¼ 2 arctan ðbþcÞðaðnþCÞþ2Þa2ðnþCÞ
h i
Family 9: When a= b= c= ka, then /(n) = 2 arctan
[eka(n+C)  1].
Family 10: When a= c= ka and b=  ka, then
/ðnÞ ¼ 2 arctan ekaðnþCÞ
1ekaðnþCÞ
h i
:
Family 11: When c= a, then
/ðnÞ ¼ 2 arctan ðaþbÞebðnþCÞ1ðabÞebðnþCÞ1
h i
:
Family 12: When a= c, then /ðnÞ ¼ 2 arctan ðbþcÞebðnþCÞþ1ðbcÞebðnþCÞ1
h i
:
Family 13: When c= a, then /ðnÞ ¼ 2 arctan ebðnþCÞþba
ebðnþCÞba
h i
:Family 14: When b= c, then /ðnÞ ¼ 2 arctan aeaðnþCÞ
ceaðnþCÞ1
h i
:
Family 15: When b= 0 and a= c, then
/ðnÞ ¼ 2 arctan cðnþCÞþ2cðnþCÞ
h i
:
Family 16: When a= 0 and b= c, then /(n) = 2 arctan [c
(n+ C)].
Family 17: When a= 0 and b= c, then
/ðnÞ ¼ 2 arctan 1cðnþCÞ
h i
:
Family 18: When a= b= 0, then /(n) = c(n+ C).
Family 19: When b= c, then /ðnÞ ¼ 2 arctan eaðnþCÞba
h i
:
Where Ak, Bk(k= 1, 2, . . ., N), a, b and c are constants to
be determined later. To determine the positive integer N in
Eq. (3), we usually consider the homogeneous balance between
the highest-order derivatives and the nonlinear term in Eq. (2).
If N is not an integer, then transformation formula should be
used to overcome this difficulty.
Step 3. Substituting (3) into ODE with the value of N,
we gathered all the terms of same power of
tankð/ðnÞ
2
Þ; cotkð/ðnÞ
2
Þðk ¼ 0; 1; 2; . . .Þ, and then equated all coeffi-
cients to zero, this operation yields set of over-determined
equations which can be solved to find A0, Ak, Bk(k=
0, 1, 2, . . .) a, b, c and p with the aid of symbolic computation
Step 4. Solve the algebraic equation in Step 3, and then sub-
stitute A0, A1, B1, . . ., AN, BN in (3).
3. Application of Improved Tan /ðnÞ
2
 
-expansion method
In this section we apply improved tan /ðnÞ
2
 
-expansion method
to the celebrated modifiedKdV-ZakharovKuznetsov equation.
Let us consider celebrated modified KdV-Zakharov
Kuznetsov equation in the form of [40]
ut þ au2ux þ uxxx þ uxyy þ uxzz ¼ 0; ð5Þ
where a is a nonzero constant. Now, using the wave transfor-
mation n ¼ lðxþ yþ z ktÞ; Eq. (5) is changing into the
following ODE:
3
d3u
dn3
þ auðnÞ2 duðnÞ
dn
 
 k duðnÞ
dn
 
¼ 0: ð6Þ
Integrating Eq. (6), we obtain
3
d2uðnÞ
dn2
þ 1
3
auðnÞ3  kuðnÞ ¼ 0; ð7Þ
where duðnÞ
dn ¼ u0 and 2udn2 ¼ u00, Taking the homogeneous balance
between u2 and u00 in Eq. (7), we obtain N= 1. Therefore, the
solution of Eq. (7) takes the form
uðnÞ ¼ A0 þ A1 pþ tan /ðnÞ
2
  	
þ B1 pþ tan /ðnÞ
2
  	1
: ð8Þ
Substituting Eq. (8) together with Eq. (4) into Eq. (7), the left
hand side is converted into polynomials in pþ tan /ðnÞ
2
 h ii
(i= 0, 1, 2, . . .N) and pþ tan /ðnÞ
2
 h ii
ði ¼ 1; 2; . . .NÞ. Setting
Figure 1 u1(n) with c= 1.5, a= .5, b= .75, a= .5, C= 10.
Figure 2 u2(n) with c= .5, a= .5, b= 3.75, a= .5, C= 10.
Figure 3 u3(n) with c= 1.5, a= .5, b= .75, a= .5, C= 10.
Exact solutions of modified KdV-ZK equation 3255each coefficient of each polynomial to zero, we get a set of
over-determined equations for A0;A1;B1; a; b; c; k; p: Solving
the set of over-determined equations using Maple software,
we obtain the following sets of Non-trivial solutions.
Set I:
A0 ¼ 0;A1 ¼ 0;B1 ¼
3
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2 þ b2  c2Þ
b c ; p ¼ 
a
b c ;
k ¼ 3
2
ðc2  a2  b2Þ: ð9Þ
uðnÞ ¼ B1  a
b cþ tan
/ðnÞ
2
  	1
; ð10Þ
where a, b, c are arbitrary constants. By using (10) and family
1, 2, 3, 4 and 5 we get
u1ðnÞ ¼
3
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2 þ b2  c2Þ
b c 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  b2  a2
p
b c tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  b2  a2
p
2
ðnþCÞ
 !" #1
;
u2ðnÞ ¼
3
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2 þ b2  c2Þ
b c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ a2  c2
p
b c tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ a2  c2
p
2
ðnþCÞ
 !" #1
;
u3ðnÞ ¼
3
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2 þ b2Þ
b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ a2
p
b
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ a2
p
2
ðnþCÞ
 !" #1
;
u4ðnÞ ¼ 
3
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2  c2Þ
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2p
c
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  a2p
2
ðnþCÞ
 !" #1
;
u5ðnÞ ¼
3
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ðb2  c2Þ
b c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ c
b c
r
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  c2
p
2
ðnþCÞ
 !" #1
;
ð11Þ
By using (10) and family 6, 10, 11, 12 and 13 respectively, we
get
u6ðnÞ¼
3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ðb2Þ
b
tan
1
2
arctan
e2bðnþCÞ1
e2bðnþCÞþ1;
2ebðnþCÞ
e2bðnþCÞþ1
 	  	1
;
u7ðnÞ¼
3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ka
2
1
2
þ e
kaðnþCÞ
1ekaðnþCÞ
 	1
;
u8ðnÞ¼
3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
b2
ba 
a
ba
ðaþbÞebðnþCÞ1
ðabÞebðnþCÞ1
 	1
;
u9ðnÞ¼
3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
b2
bc 
c
bcþ
ðbþcÞebðnþCÞþ1
ðbcÞebðnþCÞ1
 	1
;
u10ðnÞ¼
3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
b2
bþa 
a
bþaþ
ebðnþCÞþba
ebðnþCÞba
 	1
;
ð12Þ
By using (10) and family 14 and 18 respectively we get
u11ðnÞ ¼ 
3
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
a2
2c
a
2c
 ae
aðnþCÞ
ceaðnþCÞ  1
 	1
;
u12ðnÞ ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
c  a
b cþ tan
cðnþ CÞ
2
  	1
;
ð13Þ
where n ¼ xþ yþ z 3
2
tðc2  a2  b2Þ :
The graphical representation of solutions of Set IV is given
below (see Figs. 1–12),
Figure 4 u4(n) with c= .5, a= .5, b= 3.75, a= .5, C= 10.
Figure 6 u6(n) with k= 1, a= 9.5, b= .0075, C= 10.
Figure 7 u7(n) with a= .5, a= 10, k= 1, C= 10.
Figure 5 u5(n) with c= 5.5, a= 10, b= 2.75, C= 10.
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A0 ¼ 3
2
bp cpþ a
a
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q ; A1 ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðb cÞ;
B1 ¼ 0; p ¼ p; k ¼ 3
2
ðc2  a2  b2Þ: ð14Þ
uðnÞ ¼ A0 þ A1 pþ tan /ðnÞ
2
  	
; ð15Þ
where a, b, c are arbitrary constants. By using (15) and family
1, 2, 3, 4 and 5 we get
u13ðnÞ¼3
2
bpcpþa
a
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q þ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbcÞ
 pþ a
bc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
bc tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
2
ðnþCÞ
 !" #
;
u14ðnÞ¼3
2
bpcpþa
a
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q þ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbcÞ
 pþ a
bcþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2c2
p
bc tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2c2
p
2
ðnþCÞ
 !" #
;
u15ðnÞ¼3
2
bpþa
a
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
þ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
b pþa
b
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2
p
b
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2
p
2
ðnþCÞ
 !" #
;
u16ðnÞ¼3
2
acp
a
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
3c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
pa
c
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2a2p
c
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2a2p
2
ðnþCÞ
 !" #
;
u17ðnÞ¼3
2
bpcp
a
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
þ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbcÞ pþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþc
bc
r
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2c2
p
2
ðnþCÞ
 !" #
;
ð16Þ
Figure 9 u9(n) with c= 10.5, a= 15, b= 1.5, C= 10.
Figure 8 u8(n) with a= 5.5, a= 10, b= 10, C= 10, k= 1.
Figure 11 u11(n) with a= 1.5, a= .5, c= 5.5, C= 10.
Figure 10 u10(n) with a= 5.5, b= 1.5, a= 15, k= 1,
C= 10.
Figure 12 u12(n) with c= 5.5, a= .5, C= 10.
Exact solutions of modified KdV-ZK equation 3257By using (15) and family 6 and 8 respectively we get
u18ðnÞ¼ 3
2
bp
a
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
þ3b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
pþ tan 1
2
arctan
e2bðnþCÞ 1
e2bðnþCÞ þ1 ;
2ebðnþCÞ
e2bðnþCÞ þ1
 	  	
;
u19ðnÞ¼ 3
2
bp cpþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2
p
a
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
þ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðb cÞ pþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2
p
ðnþCÞþ2
 
ðb cÞðnþCÞ
2
4
3
5;
ð17Þ
By using (15) and family 10, 11, 12, 13 and 14 respectively, we
get
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2
kað1 2pÞ
a
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q  6ka
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
pþ e
kaðnþCÞ
1 ekaðnþCÞ
 	
;
u21ðnÞ ¼ 3
2
bp apþ a
a
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q þ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðb aÞ pðaþ bÞe
bðnþCÞ  1
ða bÞebðnþCÞ  1
 	
;
u22ðnÞ ¼ 3
2
bp cpþ c
a
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q þ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðb cÞ pþðbþ cÞe
bðnþCÞ þ 1
ðb cÞebðnþCÞ  1
 	
;
u23ðnÞ ¼ 3
2
bpþ apþ a
a
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q þ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbþ aÞ pþ e
bðnþCÞ þ b a
ebðnþCÞ  b a
 	
;
u24ðnÞ ¼ 3
2
a 2cp
a
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q  6c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
p ae
aðnþCÞ
ceaðnþCÞ  1
 	
;
ð18ÞFigure 13 u13(n) with c= 1.5, a= .5, b= .75, a= .5,
C= 10.
Figure 14 u14(n) with c= .5, a= .5, b= 3.75, a= .5,
C= 10.By using (15) and family 15, 17 and 18 respectively, we get
u25ðnÞ ¼ 3
2
cð1 pÞ
a
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q  3c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
p cðnþ CÞ þ 2
cðnþ CÞ
 	
;
u26ðnÞ ¼ 3 cp
a
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q  6c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
p 1
cðnþ CÞ
 	
;
u27ðnÞ ¼  3
2
cp
a
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q  3c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
½cðnþ CÞ;
ð19Þ
where n ¼ xþ yþ z 3
2
ðc2  a2  b2Þt :
The graphical representation of solutions of Set II is given
below (see Figs. 13–23),Figure 15 u15(n) with c= 1.5, a= .5, b= .75, a= .5,
C= 10.
Figure 16 u16(n) with c= .5, a= .5, b= 3.75, a= .5,
C= 10.
Figure 18 u18(n) with a= 9.5, b= .0075, C= 10.
Figure 19 u20(n) with a= .5, a= 10, k= 1, C= 10.
Figure 17 u17(n) with c= 5.5, a= 10, b= 2.75, C= 10.
Figure 20 u21(n) with a= 5.5, a= 10, b= 10, C= 10.
Figure 21 u22(n) with c= 10.5, a= 15, b= 1.5, C= 10.
Figure 22 u23(n) with a= 5.5, a= .5, b= .75, C= 10.
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Figure 23 u27(n) with c= 5.5, a= .5, C= 10.
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A0 ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp cpþ aÞ;A1 ¼ 0;
B1 ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2  bþ 2pa cp2Þ;
p ¼ p; k ¼ 3
2
ðc2  a2  b2Þ:
ð20Þ
uðnÞ ¼ A0 þ B1 pþ tan /ðnÞ
2
  	1
; ð21Þ
where a, b, c are arbitrary constants. By using (21) and family
1, 2, 3, 4 and 5, we get
u28ðnÞ¼3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbpcpþaÞ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2bþ2pacp2Þ
 pþ a
bc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
bc tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
2
ðnþCÞ
 !" #1
;
u29ðnÞ¼3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbpcpþaÞ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2bþ2pacp2Þ
 pþ a
bcþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2c2
p
bc tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2c2
p
2
ðnþCÞ
 !" #1
;
u30ðnÞ¼3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbpþaÞ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2bþ2paÞ
 pþa
b
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2
p
b
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2
p
2
ðnþCÞ
 !" #1
;
u31ðnÞ¼3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðacpÞ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ð2pacp2Þ
 pa
c
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2a2
p
c
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2a2
p
2
ðnþCÞ
 !" #1
;
u32ðnÞ¼3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbpcpÞ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2bcp2Þ
 pþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþc
bc
r
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2c2
p
2
ðnþCÞ
 !" #1
;
ð22ÞBy using (21) and family 6, 7 and 8 we get
u33ðnÞ¼3bp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2bÞ
 pþtan 1
2
arctan
e2bðnþCÞ1
e2bðnþCÞþ1;
2ebðnþCÞ
e2bðnþCÞþ1
 	  	1
;
u34ðnÞ¼3a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
6pa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
 1þtan 1
2
arctan
2eaðnþCÞ
e2aðnþCÞþ1;
e2aðnþCÞ1
e2aðnþCÞþ1
 	  	1
;
u35ðnÞ¼3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbpcpþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2
p
Þ
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2bþ2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2
p
cp2Þ
 pþð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2
p
ðnþCÞþ2Þ
ðbcÞðnþCÞ
" #
;
ð23Þ
By using (21) and family 9, 10, 11, 12, 13 and 14 respectively
we get
u36ðnÞ ¼ 3ka
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ð2pka kaÞ  ½pþ ekaðnþCÞ  11;
u37ðnÞ ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp cpþ aÞ  3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2  bþ 2pa cp2Þ
 pþ e
kaðnþCÞ
1 ekaðnþCÞ
 	1
;
u38ðnÞ ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp apþ aÞ  3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2  bþ 2pa cp2Þ
 p ðaþ bÞe
bðnþCÞ  1
ða bÞebðnþCÞ  1
 	1
;
u39ðnÞ ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp cpþ cÞ  3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2  bþ 2pc cp2Þ
 pþ ðbþ cÞe
bðnþCÞ þ 1
ðb cÞebðnþCÞ  1
 	1
;
u40ðnÞ ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbpþ apþ aÞ  3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbp2  bþ 2paþ ap2Þ
 pþ e
bðnþCÞ þ b a
ebðnþCÞ  b a
 	1
;
u41ðnÞ ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ð2cpþ aÞ  3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðc 2cp2 þ 2paÞ
 p ae
aðnþCÞ
ceaðnþCÞ  1
 	1
;
ð24Þ
By using (10) and family 15, 17 and 19 respectively, we get
u42ðnÞ ¼¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðc cpÞ  3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ð2pc cp2Þ  p cðnþCÞ þ 2
cðnþCÞ
 	1
;
u43ðnÞ ¼¼ 6cp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðc 2cp2  cp2Þ  p 1
cðnþCÞ
 	1
;
u44ðnÞ ¼ 3a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ð2pa cÞ  pþ e
aðnþCÞ  b
a
 	1
;
ð25Þ
where n ¼ xþ yþ z 3
2
ðc2  a2  b2Þt :
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below (see Figs. 24–31),
Set IV:
A0 ¼ 0; A1 ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðb cÞ; B1 ¼
3
ﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2 þ b2  c2Þ
b c ;
p ¼  a
b c ;
k ¼ 6ðc2  a2  b2Þ:
ð26Þ
uðnÞ ¼ A1 a
c bþ tan
/ðnÞ
2
  	
þ B1 a
c bþ tan
/ðnÞ
2
  	1
; ð27ÞFigure 24 u28(n) with c= 1.5, a= .5, b= .75, a= .5,
C= 10.
Figure 25 u29(n) with c= .5, a= .5, b= 3.75, a= .5,
C= 10.where a, b, c are arbitrary constants. By using (27) and family
1, 2, 3, 4 and 5 respectively we get
u45ðnÞ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðb cÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
bc tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
2
ðnþCÞ
 !" #
þ
3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2þb2 c2Þ
bc
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
b c tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2b2a2
p
2
ðnþCÞ
 !" #1
;
u46ðnÞ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðb cÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2c2
p
b c tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2 c2
p
2
ðnþCÞ
 !" #
þ
3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2þb2 c2Þ
bc

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2c2
p
bc tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2c2
p
2
ðnþCÞ
 !" #1
;
u47ðnÞ¼ 3b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2
p
b
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2
p
2
ðnþCÞ
 !" #
þ
3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2þb2Þ
b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2
p
b
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2þa2
p
2
ðnþCÞ
 !" #1
u48ðnÞ¼3c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2a2
p
c
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2a2
p
2
ðnþCÞ
 !" #

3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ða2c2Þ
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2a2
p
c
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2a2
p
2
ðnþCÞ
 !" #1
u49ðnÞ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðb cÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ c
b c
r
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 c2
p
2
ðnþCÞ
 !" #
þ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbþ cÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ c
cb
r
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 c2
p
2
ðnþCÞ
 !" #1
;
ð28Þ
By using (27) and family 6, 10, 11, 12, 13 and 14 respectively
we getFigure 26 u30(n) with a= 5, b= 3.75, a= 10.5, C= 10.
Figure 27 u31(n) with c= .5, a= .5, a= .05, C= 10.
Figure 28 u32(n) with c= 5.5, a= 10, b= 2.75, C= 10.
Figure 29 u34(n) with a= 3.75, a= 10, C= 10.
Figure 30 u39(n) with c= 10.5, a= 15, b= 1.5, C= 10.
Figure 31 u42(n) with c= 5.5, a= 10, C= 10.
Figure 32 u45(n) with c= 1.5, a= .5, b= .75, a= .5,
C= 10.
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Figure 33 u46(n) with c= .5, a= .5, b= 3.75, a= .5, C= 10.
Figure 34 u47(n) with a= 5, b= 3.75, a= 10.5, C= 10.
Figure 35 u48(n) with c= .5, a= .5, a= .05, C= 10.
Figure 36 u49(n) with c= 5.5, a= 10, b= 2.75, C= 10.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
tan
1
2
arctan
e2bðnþCÞ 1
e2bðnþCÞ þ1 ;
2ebðnþCÞ
e2bðnþCÞ þ1
 	  	
þ
3b2
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
bc tan
1
2
arctan
e2bðnþCÞ 1
e2bðnþCÞ þ1 ;
2ebðnþCÞ
e2bðnþCÞ þ1
 	  	1
;
u51ðnÞ¼6ka
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
1
2
þ e
kaðnþCÞ
1ekaðnþCÞ
 	
þ
3
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ðkaÞ2
2ka
1
2
þ e
kaðnþCÞ
1 ekaðnþCÞ
 	1
;
u52ðnÞ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbaÞ  a
ba
ðaþbÞebðnþCÞ 1
ðabÞebðnþCÞ 1
 	
þ
3b2
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
ba
a
ab
ðaþbÞebðnþCÞ 1
ðabÞebðnþCÞ 1
 	1
;
u53ðnÞ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðb cÞ c
cbþ
ðbþ cÞebðnþCÞ þ1
ðb cÞebðnþCÞ 1
 	
þ
3b2
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
b c
c
cbþ
ðbþ cÞebðnþCÞ þ1
ðb cÞebðnþCÞ 1
 	1
;
u54ðnÞ¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
ðbþaÞ  a
aþbþ
ebðnþCÞ þba
ebðnþCÞ ba
 	
þ
3a2
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
b c 
a
aþbþ
ebðnþCÞ þba
ebðnþCÞ ba
 	1
;u55ðnÞ¼6c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 1
2a
r
a
2c
 ae
aðnþCÞ
ceaðnþCÞ 1
 	
þ
3a2
ﬃﬃﬃﬃﬃﬃﬃ
 1
2a
q
2c
a
2c
 ae
aðnþCÞ
ceaðnþCÞ 1
 	1
ð29ÞThe graphical representation of solutions of Set IV is given
below (see Figs. 32–39),
Figure 39 u53(n) with c= 10.5, b= 1.5, a= 15, C= 10.
Figure 37 u50(n) with b= .0075, a= 9.5, C= 10.
Figure 38 u51(n) with a= .5, a= 10, k= 1, C= 10.
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Improved tan /ðnÞ
2
 
-expansion method was used to established
more general wave solutions; these are the new solutions of
Modified KdV-ZK Equation. Some renowned equations were
solved by this method. The performance of this method is reli-
able and effective. Furthermore, our obtained results are in
more general form. With the aid of maple, we have guaranteed
the correctness of the obtained results by putting them back
into the original equation.References
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